We investigate the Casimir interaction between two parallel metallic cylinders and between a metallic cylinder and plate. The material properties of the metallic objects are implemented by the plasma, Drude and perfect metal model dielectric functions. We calculate the Casimir interaction numerically at all separation distances and analytically at large separations. The large-distance asymptotic interaction between one plasma cylinder parallel to another plasma cylinder or plate does not depend on the material properties, but for a Drude cylinder it depends on the dc conductivity σ. At intermediate separations, for plasma cylinders the asymptotic interaction depends on the plasma wave length λp while for Drude cylinders the Casimir interaction can become independent of the material properties. We confirm the analytical results by the numerics and show that at short separations, the numerical results approach the proximity force approximation.
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I. INTRODUCTION
Effective interactions between cylinders are an important parameter in synthesizing and analyzing nanometric systems. This is due to the fact that many important nanostructures such as carbon nanotubes, nanowires and even the tobacco mosaic viruses have cylinderical shapes.
From the perspective of the experimental Casimir force studies, nano-cylindrical shapes are an optimal candidate for precision Casimir force measurements, in comparison to spheres for two reasons: (i) their effective area of interaction is larger [1, 2] , and (ii) mechanical oscillation modes of quasi-one-dimensional structures can be probed with high precision [3] .
Under many circumstances, van der Waals or Casimir forces have the dominant contribution in the effective interactions of nanostructures, which lead to various interesting phenomena in nanosystesm. For example in nanomechanical devices, Casimir interaction causes stiction [4, 5] , and thus a good understanding of these forces leads to improvements in the design and efficiency of such nanosystems. In another example, Casimir interactions between single walled carbon nanotubes (SWCNT) with different chirality become important in separating a polydisperse solution of SWCNT in fractions of equal chirality [6] .
The applicability of the Casimir interaction is not limited to synthetic cylindrical objects. There are numerous examples of long macromolecular structures with cylindrical shape in nature such as the tobacco mosaic viruses, microtubules of flagella and A-band lattice of myosin filaments in cross strained muscles [7, 8] , and hence knowledge of the interaction between cylindrical shapes is also important for the biological sciences. It should be noted that in some biological systems composed of cylindrical particles which are packed in an array, the separation between the particles can be several times larger than the diameter of the cylinder [7] .
The Casimir interaction per unit length for two parallel perfectly conducting cylinders or a plate and cylinder at a separation distance d is E/L ∼ c/d
2 , up to a logarithmic factor [9, 10] . It decays only slowly compared to the retarded interaction E/L ∼ cR 4 /d 6 between two insulating cylinders that do not support large-scale collective fluctuations [11] .
It has been demonstrated that Casimir interactions strongly depend on the combined effects of shape and material properties, see, e.g., [12] [13] [14] [15] [16] [17] . The interplay is particularly strong for quasi one-dimensional conducting materials due to strongly anisotropic collective charge fluctuations. In addition, approximations of the Casimir force between cylinders and plates [2] have also shown that the temperature dependence varies based on the description of the material properties. Thus there is a need for exact calculations of the Casimir force for cylindrical shapes taking into account the realistic material response.
Most studies of interactions between one-dimensional systems over a wide range of separations concentrate on perfect conductors and insulators. However, low dimensionality in combination with finite conductivity and plasmon excitations should give rise to interesting new effects that might be probed experimentally using, e.g., the coupling to mechanical oscillation modes. The often employed technique for these effects, the proximity force approximation (PFA) cannot capture the correlations of shape and material response since it is based on the interaction between planar surfaces. A number of studies have been performed for the short separation regime mainly focused on the corrections to the Proximity Force Approximation [18] [19] [20] [21] .
Van der Waals interaction between cylinders (and plates) have been studied for certain frequency dependent permittivities [9, 10, [22] [23] [24] [25] [26] . In one of the earliest study, the van der Waals interaction has been calculated between two parallel thin filaments described by one dimensional (1D) plasmon and electromagnetic excitations [22] . This work predicts asymptotic forms of the interaction energies at large separations accurately but the range of validity of the asymptotics remain unclear.
In another work [23] , the Casimir interaction is obtained for conducting cylinders described by delocalized coupled 1D plasmons at zero temperature. The response function of the plasmons are given by the random phase approximation (RPA). The specific choice of RPA has the advantage that locality, additivity and R −6 contributions are not involved in the calculations. The energy is obtained by using the mode summation method, which is equal to the sum of the separation dependent zero-point plasmon modes. The Casimir energy is attractive and decays as ∼ d −2 apart from a logarithmic part. This result was later confirmed by a quantum Monte Carlo simulation [25] . Using the same material description and calculation technique, the large-distance Casimir energy was obtained for crossed wires with a small crossing angle. For conducting and semiconductor wires, apart from the logarithmic and angular parts, the large-distance interaction energy decays as ∼ d −1 and ∼ d −4 , respectively [26] .
In a completely different approach, employed for perfectly conducting cylinders and plate, the Casimir energy is calculated for all separations using a path integral representation for the effective action which yields a trace formula for the density of states [9, 10] . Furthermore, the Casimir interaction between a SWCNT and a plate is studied for large and short separation regimes using the Lifshitz formula [18] .
The full interplay between shape and material effects is not transparent in the previous studies as they are limited either to perfect metals or to asymptotic limits. Here, we employ the scattering approach to investigate the Casimir interaction between parallel metallic (circular) cylinders, and a metallic cylinder and a metallic plate. The material properties of the objects are described either by the plasma or the Drude dielectric function. Some of the results have been reported in Ref. [17] .
The outline of this work is as follows: in Sec. II, we summarize the scattering method and the assumed material properties of the cylinders. In Sec. III, we obtain analytical results for the interaction at distances much larger than the cylinder radii. In Sec. IV the Casimir interaction is calculated numerically for different material properties over a wide range of separations. Section V is the summary.
II. METHOD
We consider the two following systems (i) two infinitely long parallel cylinders, and (ii) an infinitely long cylinder parallel to an infinite plate. Assuming placed in vacuum, we calculate the Casimir interaction in these two systems employing the scattering formalism [11] . The Casimir energy of two objects at zero temperature is given by the general expression
where κ is the Wick-rotated frequency and the matrix N factorizes into the scattering amplitudes (T-matrices) and translation matrices that describe the coupling between the multipoles on distinct objects. While the material properties and shapes of the objects are contained in the T-matrices, the distance between objects is encoded in translation matrices. To implement the material properties, we consider plasma, Drude and perfect metal cylinders with magnetic permeability µ = 1. The Drude dielectric function on the imaginary frequency axis is
with conductivity σ and λ σ = 2πc/σ. Equation (2) reproduces the plasma model for λ σ → 0.
Since the matrix N differs for parallel cylinders and cylinder-plate systems, in the following we describe N for both setups.
A. Two Parallel Cylinders
Consider two infinitely long, parallel cylinders with equal radii R and with their axes separated by a distance d and aligned along the z-axis. The matrix N is diagonal in the z-component k z of the wave vector due to translational symmetry. The matrix elements for electric (E) and magnetic (M) polarizations (α, β = E, M ) and partial waves m and m are
with T the cylinder T -matrix, see Appendix A 1. The translation matrix U 12 relates regular cylindrical vector waves to outgoing cylindrical vector waves, see Appendix B. The translation matrices do not couple different polarizations and for both E and M -polarization, their matrix elements are given by
with p = κ 2 + k 2 z and K n (x) the modified Bessel function of the second kind.
Since N is diagonal in k z the determinant in Eq. (1) factorizes into determinants at fixed k z , and the sum over k Z moves in front of the logarithm. After taking the continuum limit, kz →
Here the determinant is only over the discrete partial wave index n.
B. Cylinder -Plate
Next we consider a cylinder with radius R parallel to a plate. We assume that the cylinder is aligned along the z axis and the plate is in the y − z plane. The distance from the center of the cylinder to the plate is d. The matrix N for this geometry is
with
where k y is the y component of the wave vector, k ⊥ ≡ (k y , k z ), the matrix D nkzα,k ⊥ β converts vector plane wave functions and cylindrical vector wave functions, see Appendix C, and T β k ⊥ is the dielectric plane T -matrix presented in Appendix A 2. The energy of this system can also be obtained by Eq. (5) as N is diagonal in k z , Note that the determinant is not related to k z ; thus, we suppress all the k z indices in what follows.
III. LARGE-DISTANCE ASYMPTOTIC CASIMIR ENERGIES
To find the asymptotic form of the Casimir interaction at large separations d R, one needs to obtain the Tmatrix expressions for a cylinder and a plate. Using the dielectric function given in Eq. (2), the asymptotic form of the cylinder T-matrix elements for E polarization and n = 0 at small frequencies (κ 1, k z /κ fixed) reads (see Eq. (A14)),
where C(κ) depends on the dielectric properties of the cylinder. For a perfect metal cylinder C(κ) = 0 and for a plasma cylinder C(κ) ≈ λ p 2 κ 2 /(2π 2 ) if the plasmon oscillations cannot build up transverse to the cylinder axis as the diameter is too small, i.e., R λ p . In the opposite limit R λ p , we reproduce the perfect metal form of the T-matrix, i.e. C(κ) ≈ 0. For the Drude model,
The first of the two conditions implies that Drude behavior dominates over plasma behavior, i.e., the second term in the denominator of Eq. (2) is larger than the first term.
The second condition ensures that the Drude dielectric function is large compared to one, i.e., metallic behavior is pronounced. At small frequencies κ but fixed k z /κ, for Drude cylinders T EE 0 ∼ κ, while for plasma and perfect metal cylinders
= 0 and higher order elements associated with n = 0 scale as κ 2|n| , we consider only the T EE 0
elements at large separations.
The Casimir interaction between conducting cylinders is intricate and no simple analytical expression that applies to all distances can be obtained. However, using Eqs. (5), (3) and (6) To derive the large-distance asymptotic Casimir potential energy, we employ the identity log det = Tr log and expand the integrand in Eq. (5) in powers of N, corresponding to a multiple scattering expansion. The onescattering approximation, sufficient for large distances, yields
The element N 00 of the N-matrix yields the dominant contribution to the Casimir energy at large distances since higher order elements involve higher powers of κ.
To this end, we will consider only this term for the rest of this section.
A. Parallel cylinders
For two parallel cylinders, considering the fact that at large separations T EE 0 yields the dominant contribution, the trace of the matrix N is approximated by
Using Eq. (10) in Eq. (9) and changing integration to polar coordinates κ = ρ cos(θ)/d and k z = ρ sin(θ)/d, we obtain
where C i (ρ, θ) describes the material properties of the cylinder i. For a perfect metal cylinder C i (ρ, θ) = 0, for a plasma cylinder C i (ρ, θ)=ξ cos 2 (θ) with
in the limit R λ p , and for a Drude cylinder C i (ρ, θ) = ξ cos(θ)/ρ with
For two perfect metal cylinders the integral in Eq. (11) can easily be calculated and yields
which agrees with the results in Refs. [9, 10] . For plasma cylinders with plasma wave length λ p , the integrations in Eq. (11) yield
It is important to consider Eq. (15) in two limiting cases for ξ, Eq. (12). In the limit ξ 1 or ln(2d/R) λ 2 p /R 2 , the energy simplifies to the perfect metal energy given in Eq. (14), i.e., the interaction between conducting cylinders is universal at large distances in this regime. However, in the opposite limit ξ 1 or equivalently ln(2d/R) λ 2 p /R 2 , the Casimir energy becomes
This shows that the universal form is applicable only beyond an exponentially large crossover length
Below this scale, and infact in any practical situations, the interaction is material dependent, see Fig. (1)a. For a plasma cylinder with plasma wave length λ p parallel to a perfect metal cylinder the integrations in Eq. (11) yield
Similar to parallel plasma cylinders, we consider two limiting cases for ξ. In the limit ξ 1 or ln(2d/R) λ 2 p /R 2 , we obtain the perfect metal energy given in Eq. (14) , and the conducting cylinders' interaction is universal at large distances. In the opposite limit ξ 1 or equivalently ln(2d/R) λ 2 p /R 2 , the Casimir energy becomes
For Drude cylinders with the characteristic length λ σ , at large separations d R, λ σ , we find a rather distinct behavior that deviates from naive expectations for universality. In this case the integrations in Eq. (11) cannot be performed analytically. Therefore we first calculate the angular integral which gives a complicated radial function, and then we expand the resulting radial integral for small and large ξ , Eq. (13). The radial integrals can be calculated easily in these two limits. For (2) indicates an overall increase of the geometry (i.e., d/R fixed) with constant conductivity leading to a universal interaction.
we reproduce the universal (perfect metal) asymptotic energy of Eq. (14). In the opposite limit ξ 1 or d R 2 /λ σ , the asymptotic energy reads
Similarly, for a Drude cylinder with the characteristic length λ σ parallel to a plasma (or perfect metal) cylinder, in the limit of d λ σ and d λ 2 p /λ σ the asymptotic Casimir energy is
These two limiting cases for ξ are related to two differ-ent scaling regimes that are separated, up to logarithmic corrections, by the curve d/R ∼ d/λ σ , see Fig. 1(b) . The unconventional feature corresponds to the fact that the interaction is universal at shorter distances where d R 2 /λ σ . If the distance is increased beyond this crossover scale (with all other length scales kept fixed, see arrow (1) in Fig. 1(b) , the interaction becomes material dependent and, up to logarithmic corrections, scales as R 2 /(λ σ d 3 ) for a Drude cylinder interacting with another Drude or a plasma or a perfect metal cylinder. However, if the radii of the cylinders are increased in the same way as their distance (d/R fixed, see arrow (2) in Fig. 1(b) ), finite conductivity becomes unimportant at large distances and the interaction assumes the universal form. An intuitive explanation of this non-universal large distance behavior is given below. It is important to note that all forms of these metallic interactions decay much slower than the Casimir energy of two insulating cylinders which for d R scales as cLR 4 /d 6 with a material dependent coefficient.
B. Cylinder parallel to a plate
In this section we consider a cylinder with radius R parallel to a plate. We show, similar to parallel cylinders, the existence of two different scaling regimes that are separated by curves given by the same expressions that we found for two cylinders, see Fig. 1 . In order to find the asymptotic large distance interations, we employ again Eq. (9) . The trace of the matrix N in Eq. (6) in the limit of large separation d R is approximated by
Note that for perfect metal plates T
= 1 and for small κ at fixed k ⊥ /κ one has for the plasma model T
. Therefore, at large distances the material desription of the plate is unimportant and to leading order in R/d one gets
Using Eq. (22) in Eq. (9), and changing again considering κ = ρ cos(θ)/d and k z = ρ sin(θ)/d, we obtain
where the functions C(ρ, θ) ≡ C i (ρ, θ) are given by the expressions below Eq. (11) For a perfect metal cylinder, the integrals can be calculated in a straight forward manner, resulting in the universal energy
For a plasma cylinder with the plasma wavelength λ p , after performing the radial and angular integrals in Eq. (24), we obtain
with g(x) = (1 + x) −1/2 . As in our analysis for parallel cylinders we consider two different cases for ξ given in Eq. (12) 
For a Drude cylinder with the characteristic length λ σ parallel to a metallic plate, in the limit ξ 1 or d R 2 /λ σ , the integrand in Eq. (24) becomes independent of θ and we reproduce the universal Casimir energy in Eq. (25) . Hence, similar to the case of two cylinders, the interaction approaches a universal form below a geometry and material dependent crossover distance. This counterintuitive result shall be discussed below. In the opposite limit ξ 1 or d R 2 /λ σ , the asymptotic energy becomes non-universal and reads
Based on the studies described above, we conclude that the Casimir interaction between a metallic cylinder and a plate decays slower than that between an insulating cylinder and a plane for which the energy scales as E ∼ cLR 2 /d 4 for d R [11] .
IV. NUMERICAL RESULTS
In this section, we compute the Casimir energy based on Eq. (5) at zero temperature. Our results are obtained by numerical computation of the determinant and the integrals over κ and k z . Note that for a cylinder parallel to a plate in addition to the κ and k z integrations, one has to compute the integral over k y for each element of the matrix N, see Eqs. (6) and (7). The matrix N (and hence the sum over n in Eq. (3)) are truncated at a finite partial wave number n max .
We chose n max such that the result for the energy changes by less than 0.01% upon increasing n max by 10. The required value of n max diverges when the surface-tosurface separation h between the objects (for cylinders h = d − 2R and for a cylinder and a plate h = d − R) tends to zero. For example, for 0.6 < h/R < 1.0, we used n max = 21, whereas for h/R = 0.6 and 0.5, one needs n max = 31. For h/R = 0.05 we set the value n max = 191. [27] . To reach sufficient numerical accuracy in the computation of det(1 − N) we have computed the Bessel functions with quadruple precision and employed similarity transformations for N by using the DEGBAL routine of the LAPACK library with quadruple precision [28] .
In Fig. 2 , we show our numerical results for two parallel cylinders and also for a cylinder parallel to a plate. The graphs show the Casimir energies for the Drude and plasma cylinders, normalized to the energies of perfect metal cylinders. For the numerics we used λ p /R = 0.05 and 0.5 with λ p /λ σ = 27.4, corresponding to gold for which λ p = 137 nm and λ σ ≈ 5 nm. Figure 2 clearly shows the material dependence of the Casimir energies. At large separations, for the plasma model, the ratios of E/E perf approach one. This is due to the fact that λ p /R < 1 and we are in the universal regime, see Fig. 1 . For Drude cylinders, the quantity ξ determines the behavior of the curves. At λ p /R = 0.5, one has 5 × 10 −4 < ξ < 0.06 and for λ p /R = 0.05, 5 × 10 −5 < ξ < 0.006 for the range of h shown in Fig. (2) . Since ξ 1, we ex- pect from our asymptotic computations that the Casimir energy is close to the energy for perfect metal cylinders. Fig. 2 indeed shows a plateau at intermediate distances that is approaching the perfect metal energy E perf . This approach is better for λ p /R = 0.05 which corresponds to a smaller ξ . At small distances, none of our asymptotic results applies and the actual energy is more strongly redruced compared to E perf . With increasing distance, we expect at ξ ∼ 1 a crossover to the non-universal asymptotic energy of Eq. (20) . While this crossover is not fully shown in Fig. 2 , the descrease of the energy ratio E/E perf with increasing separation is a precursor of this crossover. The same arguments apply to the interaction of a Drude cylinder with a plate.
We now compare our numerics with the PFA results at short separations and with the asymptotic results at large separations for both the plasma and the Drude models.
A. PFA versus numerics
The PFA energy is obtained by integrating the PFA force F = 2πRE plates (h) with respect to h, where E plates (h) is the energy of two parallel plates at distance h given by the Lifshitz formula [29] using the dielectric function of Eq. (2). Fig. 3 shows the numerically computed Casimir energy for λ p /R = 0.5 and 0.05, normalized to the PFA energy for parallel cylinders and a cylinder parallel to a plate. We find similar results for the Drude model. The energies associated with the Drude model are not shown here since they collapse on the data for the plasma model at short separations. Our data support the consistency of the PFA in the limit of vanishing separations. (14) and non-universal ones are given by Eqs. (17) and (20) . The yellow strip shows the crossover region between the Drude and plasma asymptotic energies.
B. Asymptotics versus numerics
Figures 4 and 5 show the ratio of the computed energies and the corresponding asymptotic results (universal and non-universal regimes) versus ln(2d/R) for two cylinders and a cylinder parallel to a plate, respectively. The parameter that couples shape (radius) and material properties is chosen as λ p /R = 5. Figures 4(a) and 5(a) show that for plasma cylinders, at intermediate separations, the energy normalized to the non-universal asymptotic energy is approaching unity whereas at asymptotically large separations the energy normalized to the universal asymptotic energy is tending to unity. On the other hand, Figs. 4(b) and 5(b) show that for Drude cylinders, at intermediate separations, the energy normalized to the universal energy is approaching unity whereas at asymptotically large separations the energy normalized to the non-universal energy is tending to unity. These figures confirm the validity of the crossover regime shown in Fig. 1 . (27) and (28).
V. SUMMARY
In summary, we have calculated the Casimir force between two metallic cylinders and a metallic cylinder parallel to a plate. The energy is calculated numerically for a large range of separations. We also find asymptotic energies for large separations and confirmed their validity with the numerical results. Furthermore, we showed that the numerics tend to the PFA energies at short separations.
The interesting phenomenon in our results is that the Casimir interaction involving Drude cylinders approaches a universal form of interaction at intermediate separations and becomes non-universal (material dependent) at larger distances d R 2 /λ σ . This behavior can be explained in terms of the size of the collective charge fluctuations in a Drude metal. However if λ p R then plasma oscillations are supported by the cylinders and at asymptotically large separations the interaction energy does show universality.
Based on recent experiments, the interactions between metals might not be consistent with the Drude model [30] . The asymptotic energies that we found in this work can be used to provide a clearer distinction between the Drude and plasma model predictions as compared to two plates or a plate and sphere [16] . An estimate of the interaction between two gold cylinders with R = 10nm, length L = 100µm, λ p = 137nm and λ σ = 5nm at a distance d = 200nm yields a force of ≈ 1pN within the plasma description and ≈ 27pN within the Drude model. These forces are in the experimentally detectable regime.
The significant feature of the interaction between a Drude cylinder with another Drude cylinder or a plate is that upon increasing the separation, the interaction can move from a universal regime to a non-universal one. This behavior can be understood from the wave equation for the electric field inside a Drude cylinder. For imaginary frequencies ω = icκ, the Helmholtz operator ∇ 2 + (ω)(ω/c) 2 for a good Drude conductor becomes ∇ 2 − 8π 2 κ/λ σ . We are interested in the maximal wave length of the field and hence charge fluctuations for a given κ. With the smallest transverse wave vector k x , k y ∼ 2π/R we find the dispersion relation
Hence, collective charge fluctuations on arbitrarily large scales exist only for κ > κ c which is a consequence of dimensionality that does not appear in the absence of transverse constraints (R → ∞). For κ < κ c charge fluctuations break up into clusters of typical size ∼ R/ 1 − κ/κ c due to finite conductivity. The spectral contribution to the interaction between cylinders at distance d is peaked around Fig. 1(b) ), collective charge fluctuations contribute strongly to the interaction and render it universal similar to perfect metal cylinders for which κ c ∼ 1/σ → 0. In the asymptotic regime with Fig. 1(b) ), finite conductivity prevents fluctuations on arbitrarily large scales and hence the interaction is proportional to σ, i.e., non-universal. It is important to note that as R goes to zero, κ c becomes larger, and in consequence the finite conductivity of the cylinder becomes more important.
the matching conditions at the cylinder surface for the field components that are parallel to the surface.
For an incident magnetic multipole (TE) field, we make the scattering ansatz for the electric field modes The continuity conditions require that the tangential fields E z , E φ , H z = B z /µ and H φ = B φ /µ are continuous across the cylinder surface.
Using the explicit expressions of Eqs. (A4), (A 1 a) these conditions lead for each type of multipole fields to a set of four linear equations for the expansion coefficients. Using B = −(1/κ)∇ × E and setting p = µκ 2 + k 2 z these equations can be written for incident magnetic (TE) waves as
This asymptotic forms show that the T-matrix elements that couple TM and TE waves vanish as
in the limit → ∞. The T-matrix elements that couple like polarizations simplify substantially. Since for → ∞
we get the simplified expressions
It is easily checked that these are the T-matrix elements for a scalar field with Neumann boundary conditions (magnetic or TE modes) and with Dirichlet boundary conditions (electric or TM modes). Hence, in the limit of perfect conductivity the EM scattering problem for a cylinder separates into two independent scalar problems, one with Dirichlet and one with Neumann boundary conditions.
T-matrix of a plate
The T-matrix elements of a plane is given by its Frensel coefficients [11] 
with P the polarization index, k ⊥ the momentum perpendicular to thex direction, and r Q the Frensel coefficients 
here , µ and n(icκ) are the dielectric response function, magnetic permeability, and the refractive index of the plate, respectively. The refractive index in terms of the dielectric function and the magnetic permeability of the plate is given by n(icκ) = (icκ)µ(icκ) .
The T-matrix of a dielectric plate Eq. (A31) is diagonal with respect to the polarization indices.
